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ABSTRACT 

Compress ib i l i ty  of cakes i s  b a s i c  t o  s e p a r a t i o n  of 
s o l i d s  from s l u r r i e s .  Cake compression i s  caused by 
c o l l a p s i n g ,  p a r t i c u l a t e  s t r u c t u r e s  i n  which p a r t i c l e s  
are forced  i n t o  e x i s t i n g  voids .  S t r e s s e s  caus ing  t h e  
c o l l a p s e  a r i se  from unbuoyed weight of  s o l i d s  i n  
t h i c k e n e r s ,  r a d i a l  a c c e l e r a t i o n  i n  c e n t r i f u g e s ,  
f r i c t i o n a l  p r e s s u r e  drop i n  f i l t e rs ,  and mechanical 
f o r c e s  i n  p r e s s  b e l t s  and membrane a c t u a t e d  filters. 
Compress ib i l i ty  is a f u n c t i o n  of p a r t i c l e  s i z e  and 
shape and t h e  degree of aggrega t ion .  

Flow through very  compress ib le  cakes produces a 
h i g h l y  non-uniform s t r u c t u r e  w i t h  a t i g h t  s k i n  of  low 
p o r o s i t y  next  t o  the  suppor t ing  medium. This  s k i n  
l e a d s  t o  adverse  effects i n  which i n c r e a s i n g  f i l t e r  
p r e s s u r e  has  l i t t l e  effect  on f low rate o r  average  
p o r o s i t y .  S i m i l a r l y  i n c r e a s i n g  t h e  squeezing 
p r e s s u r e  i n d e f i n i t e l y  i n  express ion  h a s  l i t t l e  e f f e c t  
upon t h e  rate of removal of  l i q u i d .  
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SOLID-LIQUID SEPARATION 

S o l i d - l i q u i d  s e p a r a t i o n  (SLS) i n c l u d e s  c l a r i f i c a t i o n ,  
t h i c k e n i n g ,  cake f i l t r a t i o n ,  c e n t r i f u g a t i o n ,  washing, and expres-  
s i o n .  Chemical and p h y s i c a l  p r e t r e a t m e n t  of  s l u r r i e s  a l s o  is an 
i n t e g r a l  p a r t  of  t h e s e  s e p a r a t i o n s .  Close ly  a l l i e d  t o  SLS are 
r h e o l o g i c a l  behavior  of  suspens ions ,  s l u r r y  t r a n s p o r t ,  and 
b i o l o g i c a l  p r o c e s s e s  involved i n  environmental  p r o t e c t i o n .  

R e l a t i v e  movement of  s o l i d  and l i q u i d  c o n s t i t u t e s  t h e  b a s i c  
phenomena under ly ing  s e p a r a t i o n  of  p a r t i c l e s  from l i q u i d s .  The 
p r i n c i p a l  stages of  SLS can  be c l a s s i f i e d  as fo l lows:  

1. Pre t rea tment  g e n e r a l l y  f o r  i n c r e a s i n g  e f f e c t i v e  p a r t i c l e  
s i z e  
a. Chemical t rea tment  through c o a g u l a t i o n  and f l o c c u l a t i o n  
b. P h y s i c a l  t rea tment  

2.  Thickening and c l a r i f i c a t i o n  
a. G r a v i t y  sed imenta t ion  
b. C e n t r i f u g a l  c l a s s i f i c a t i o n  i n  hydrocyclones 

a. Gravi ty  s e p a r a t i o n ,  s c r e e n i n g  
b. P r e s s u r e  and vacuum f i l t r a t i o n  
c. C e n t r i f u g a l  f i l t r a t i o n  
d. C e n t r i f u g a l  sed imenta t ion  
e. F i l t e r  t h i c k e n i n g  i n  delayed cake o p e r a t i o n s  

a. Displacement and d i l u t i o n  washing 
b. Del iquoring 

3. S e p a r a t i o n  

4. P o s t  t rea tment  

( 1 )  U t i l i z a t i o n  of h igh  pump p r e s s u r e  
(2) Hydraul ic  d e l i q u o r i n g  w i t h  r e v e r s e  f low 
(3 )  Mechanical express ion  
( Q )  Drainage 

c. Membrane processes  f o r  improving f i l t r a t e  q u a l i t y  

A l l  SLS o p e r a t i o n s  i n v o l v e  flow through compressible  porous cakes.  
The cake s t r u c t u r e  as r e f l e c t e d  by v a r i a t i o n  of  l o c a l  v a l u e s  of  
p o r o s i t y  and p e r m e a b i l i t y  with d i s t a n c e  and t h e  p r o c e s s  
v a r i a b l e s  - p r e s s u r e  drop o r  r o t a t i o n a l  speed of  c e n t r i f u g e s ,  f low 
rates,  and average  p o r o s i t y  - are fundamental t o  both p r a c t i c a l  
and t h e o r e t i c a l  c o n s i d e r a t i o n s .  

FLOW THROUGH COMPRESSIBLE, POROUS BEDS 

A t y p i c a l  s e p a r a t i o n  process  begins  w i t h  a treated suspens ion  
i n  which t h e  p a r t i c u l a t e s  may be d i s p e r s e d  as i n d i v i d u a l  u n i t s  o r  
combined i n t o  an e n d l e s s  v a r i e t y  of aggrega tes .  A cake or  
sediment i s  formed w i t h  a s t r u c t u r e  capable  of  s u s t a i n i n g  stress. 
Liquid  and f i n e  p a r t i c l e s  f low through tine p o r e s  formed by t h e  
s t r u c t u r e .  The beds may be incompress ib le  as i n  preconsol ida ted  
petroleum r e s e r v o i r s ,  a q u i f e r s ,  or cakes formed from l a r g e  
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1039 

p a r t i c l e s ;  or they  may be compressible  when f l o c s  and aggregated 
f i n e  p a r t i c l e s  are depos i ted .  F i n e  p a r t i c l e s  f lowing through t h e  
i n t e r s t i c e s  may be depos i ted  or resuspended depending upon t h e  
r e l a t i v e  magnitude of  l i q u i d  s h e a r  and adhes ive  forces b inding  t h e  
f i n e  p a r t i c u l a t e s  t o  l a r g e r  members of t h e  s t r u c t u r a l  assemblage. 
P a r t i c u l a t e  s t r u c t u r e s  vary enormously i n  r e s i s t a n c e  t o  
compress ib le  f o r c e s  depending on t h e  i n t e r n a l  arrangement of  t h e  
i n d i v i d u a l  p a r t i c l e s .  

The behavior  of compress ib le ,  porous beds i s  fundamental t o  
t h e  t y p e s  of  SLS o p e r a t i o n s .  Even i n  t h i c k e n e r s ,  t h e  s e t t l i n g  
c h a r a c t e r i s t i c s  of  t h e  f r e e l y  sedimenting p a r t i c l e s  i s  of  less 
importance than  t h o s e  of t h e  compressed sediment .  Although f r e e  
s e t t l i n g  g e n e r a l l y  c o n t r o l s  t h e  f u n c t i o n i n g  of  a g r a v i t y  
c l a r i f i e r ,  t h e  r e l a t i v e  flow of s o l i d s  and l i q u i d  i n  t h e  
compression zone of  a t h i c k e n e r  de te rmines  t h e  s o l i d  and l i q u i d  
f l u x e s  and t h e  sediment h e i g h t  necessary  t o  main ta in  t h e  d e s i r e d  
s o l i d s  under f low c o n c e n t r a t i o n .  I n  f i l t e r s ,  c e n t r i f u g e s ,  and 
express ion  d e v i c e s ,  p o r o s i t y  and p e r m e a b i l i t y  of  t h e  cakes  a r e  t h e  
major de te rminants  of  o p e r a t i n g  behavior .  

STRUCTURE OF PARTICULATE BEDS 

S t r u c t u r a l  change through p a r t i c u l a t e  rearrangement i s  
e f f e c t e d  by s t r e s s e s  t r a n s m i t t e d  a t  p o i n t s  of c o n t a c t .  S t r e s s  
results from e x t e r n a l l y  a p p l i e d  l o a d s ,  g r a v i t a t i o n a l  and 
c e n t r i f u g a l  f o r c e s ,  and from accumulated drag  on p a r t i c l e s  due t o  
f r i c t i o n a l  f low of  l i q u i d .  The i n i t i a l  s t r u c t u r e  l a i d  down under 
a n u l l  stress depends upon t h e  microscopic  p r o p e r t i e s  o f  ( 1 )  
p a r t i c l e  s i z e ,  ( 2 )  p a r t i c l e  shape,  and (3 )  degree  of  aggrega t ion .  
Suspension c o n c e n t r a t i o n  is  a secondary v a r i a b l e  having less  
importance. A g i t a t i o n ,  v i b r a t i o n ,  and s h e a r  f o r c e s  can have 
l a r g e r  e f f e c t s  b u t  are u s u a l l y  minimized i n  t e s t i n g  procedures .  

F i g u r e  7 provides  a g e n e r a l  p i c t u r e  of t h e  s o l i d o s i t y  (volume 
f r a c t i o n  o f  s o l i d s )  as a f u n c t i o n  of p a r t i c l e  s ize  and o t h e r  
parameters .  The open c i r c l e s  r e p r e s e n t  va lues  found i n  t h e  
l i t e r a t u r e ,  and t h e  b lack  c i rc les  are v a l u e s  obained i n  our  
l a b o r a t o r i e s .  For l a r g e  p a r t i c l e s  ( roughly above 20-50 microns) ,  
i n t e r p a r t i c l e  f o r c e s  are small compared t o  g r a v i t a t i o n a l  f o r c e s ;  
and aggregate formation i s  not  an impor tan t  f a c t o r .  Large 
s p h e r i c a l  p a r t i c l e s  of  narrow range tend t o  form beds having 
volume f r a c t i o n s  of  s o l i d s  i n  t h e  range of 0.60-0.65 as shown by 
l i n e  BC. The behavior  of  small s p h e r i c a l  p a r t i c l e s  (under 10-20 
microns)  i s  dependent upon t h e  r e l a t i o n s h i p  between r e p u l s i v e  
f o r c e s  due t o  s u r f a c e  charge and a t t r a c t i v e  London-van d e r  Waals 
f o r c e s .  S t rong  r e p u l s i v e  f o r c e s  r e s u l t i n g  from high s u r f a c e  
charges  o r  z e t a  p o t e n t i a l  p revent  p a r t i c l e s  from mutual 
a t tachment .  Consequent ly ,  l o o s e  f l o c s  are n o t  formed, and t h e  
p a r t i c l e s  i n  suspens ion  remain d i s p e r s e d .  Repuls ive i n t e r p a r t i c l e  
f o r c e s  come i n t o  p lay  a t  molecular  dimensions and produce a 
" l u b r i c a t i n g f f  e f f e c t  which permi ts  even f i n e  p a r t i c l e s  i n  t h e  sub- 
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Figure 1 

1 .o 10 100 1000 

PARTICLE SIZE, MICRONS 

0.1 

. Volume f r a c t i o n  of s o l i d s  ( s o l i d o s i t y )  i n  r e l a t i o n  t o  
p a r t i c l e  s i z e ,  shape ,  and degree of a g g r e g a t i o n .  

micron range t o  s e t t l e  p a s t  one a n o t h e r  and form a r e l a t i v e l y  
dense,  incompress ib le  s t r u c t u r e .  I n  Fig.  2 ,  t h e  f i r s t  l a y e r s  of  a 
bed of p o l y s t y r e n e  p a r t i c l e s  having a h igh  z e t a  p o t e n t i a l  are 
shown. The bed has a p o r o s i t y  of  0.37 (Br idger ,  e t  a l . ,  1983). 
Thus s p h e r i c a l  p a r t i c l e s  tend t o  form similar s t r u c t u r e s  w i t h  t h e  
same p o r o s i t y  independent  of  p a r t i c l e  s i z e .  L ine  ABC corresponds 
t o  s p h e r e s  of  a l l  s i z e s  and r e p r e s e n t s  the normal maximum 
s o l i d o s i t y  of a bed of uniform or randomly d i s t r i b u t e d  s p h e r i c a l  
p a r t i c l e s .  Higher s o l i d  c o n t e n t s  can be obta ined  w i t h  b i  or  
t r imodal  d i s t r i b u t i o n s .  

The l i n e  DE r e p r e s e n t s  an i r r e g u l a r  class of p a r t i c l e s  which 
has a lower volume f r a c t i o n  of  s o l i d s  than spheres .  The l a r g e  
p a r t i c l e s  f a l l i n g  a long  DE l e a d  t o  incompress ib le  cakes. Among 
t h e  most i r r e g u l a r  of  p a r t i c l e s  are diatomaceous and p e r l i t e  
f i l t e r  a i d s  wi th  s o l i d o s i t i e s  less than  0.2. They are shown a t  
the bottom r i g h t  o f  Fig.  1. 

A 5  p a r t i c l e  s ize  d e c r e a s e s  and the  r a t io  of  s u r f a c e  area t o  
volume i n c r e a s e s ,  both r e p u l s i v e  and a t t r a c t i v e  f o r c e s  become 
large i n  comaprison t o  g r a v i t a t i o n a l  e f f e c t s .  When London-van der 
Waals a t t r a c t i v e  f o r c e s  p r e v a i l ,  p a r t i c l e s  which approach one 
a n o t h e r  i n  suspension mutua l ly  adhere and form d e n d r i t i c ,  tree- 
l i k e  s t r u c t u r e s  or  f l o c s .  Each of t h e s e  sets of  aggrega ted  
p a r t i c l e s  possesses  i t s  own m u l t i p a r t i c l e  arrangement. They 
d e p o s i t  as h i g h l y  porous,  compressible  cakes.  A p o s s i b l e  
p a r t i c u l a t e  s t r u c t u r e  as i n i t i a l l y  d e p o s i t e d  is  i l l u s t r a t e d  i n  
F ig .  3.  
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F i g u r e  2. Discrete p o l y s t y r e n e  p a r t i c l e s  with a p o r o s i t y  of 0 . 3 7 ,  
B r i d g e r  e t  a l .  ( 1983). 

F igure  3. Aggregated p a r t i c l e s  i n  suspension. 

When s t rong  a t t r a c t i v e  i n t e r p a r t i c l e  fo rces  or bridging 
mechanisms due t o  high molecular weight l i n e a r  polymers or 
polymerized metal hydroxides (A l+++  or Fe+++) a r e  p re sen t ,  loose  
f l o c s  are formed. Highly f loccu la t ed  s l u r r i e s  encountered i n  
wastewater and primary and ac t iva t ed  sludges produce depos i t s  
which may have 90-958 voids by volume and r equ i r e  dewatering. 
When inorganic  coagulants and high molecular weight organic 
f loccu lan t s  a r e  used, l a r g e  f l o c s  with c h a r a c t e r i s t i c  dimensions 
of mi l l imeters  may s e t t l e  r ap id ly  and be removed by g rav i ty  or  
vacuum f i l t r a t i o n .  Loose s t r u c t u r e s  which r e t a i n  s i g n i f i c a n t  
q u a n i t i t i e s  of l i q u i d  a r e  f requent ly  deliquored with p re s s  b e l t s ,  
recessed p l a t e s  equipped with a i r  or  hydrau l i ca l ly  ac tua ted  
membranes, and high-pressure (up t o  1.4 MPa (200 p s i ) )  p l a t e  and 
frame or  recessed p l a t e  f i l ters.  
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Figure  1 i s  d iv ided  i n t o  two reg ions  r e p r e s e n t i n g  l a r g e  
p a r t i c l e s  forming incompress ib le  beds and small p a r t i c l e s  which 
p o t e n t i a l l y  y i e l d  compressible  s t r u c t u r e s .  The s i n g l y  c ross -  
hatched r e g i o n  covers  t h e  behavior  of f i n e  s p h e r i c a l  p a r t i c l e s  
which form cakes  w i t h  s o l i d o s i t i e s  ranging  from 0.02-0.65. The 
doubly hatched r e g i o n  p e r t a i n s  t o  i r r e g u l a r  p a r t i c l e s  whose shape 
l e a d s  t o  l i n e  DE as t h e  maximum volume f r a c t i o n  of  s o l i d s  f o r  a 
non-f locculated system. The range of  s o l i d o s i t i e s  is s m a l l e r  than  
t h a t  of  t h e  s p h e r e s .  

With large p a r t i c l e s ,  shape i s  t h e  s o l e  f a c t o r  de te rmining  
p o r o s i t y .  The degree of  aggrega t ion  p l a y s  t h e  dominant r o l e  f o r  
small p a r t i c l e s .  The a c t u a l  t r a n s i t i o n  from Yargetq t o  llsmalltl 
s i z e s  depends p r i n c i p a l l y  on shape,  t h e  Hamaker c o n s t a n t  as i t  
affects  t h e  London-van d e r  Waals f o r c e s ,  and t h e  l i q u i d  and s o l i d  
d e n s i t i e s .  A g i t a t i o n  and s h e a r  f o r c e s  a r e  s i g n i f i c a n t  i n  
de te rmining  both formation and breakup of f l o c s  i n  suspension.  
S l u r r y  f low p a t t e r n s  a t  p o i n t s  of  d e p o s i t i o n  i n  f i l t e r s  
s i g n i f i c a n t l y  a f f e c t  cake s t r u c t u r e .  Suspension c o n c e n t r a t i o n  has  
a n  impor tan t  e f f e c t  upon t h e  p o r o s i t y  o f  each s u r f a c e  l a y e r  as 
first depos i ted  and then  covered by s u c c e s s i v e  waves of  p a r t i c l e s .  
D i l u t e  s l u r r i e s  l e a d  t o  more compact beds whi le  concent ra ted  
suspens ions  produce open s t r u c t u r e s .  With high c o n c e n t r a t i o n s ,  
p a r t i c u l a t e s  tend  t o  b r i d g e  and form a r c h e s  whereas d i l u t e  
suspens ions  permi t  i n d i v i d u a l  p a r t i c l e s  t o  p e n e t r a t e  deeply i n t o  
t h e  medium or cake wi thout  i n t e r f e r e n c e  from nearby neighbors .  

COMPRESSIBILITY 

Compress ib i l i ty  i s  a measure of  t h e  degree of  s t r u c t u r a l  
c o l l a p s e  brought  about  by compressive stresses. It depends upon 
t h e  d i f f e r e n c e  between t h e  s o l i d o s i t i e s  ( o r  p o r o s i t i e s )  o f  cakes 
formed from d i s p e r s e d  and f l o c c u l a t e d  sets of  p a r t i c l e s .  For  
example, two p a r t i c l e s  r e p r e s e n t e d  by black d o t s  and having s i z e s  
i n d i c a t e d  by t h e  arrow l a b e l e d  G correspond t o  ( 1 )  an 
incompress ib le  (o r  n e a r l y  so)  cake wi th  a s o l i d i o s i t y  about  0.63 
and (2) a compressible  bed wi th  s o l i d o s i t y  equal  t o  0.15. SLS 
o p e r a t i o n s  of  sed imenta t ion ,  f i l t r a t i o n ,  and c e n t r i f u g a t i o n  
i n v o l v e  f l u i d  flow through porous p a r t i c u l a t e  beds which are 
u s u a l l y  compressible .  S o l i d s  i n  the f low f i e l d  are s u b j e c t e d  t o  
both form and f r i c t i o n a l  drags  which r e s u l t  i n  cake compression. 
F a i l u r e  of t h e  p a r t i c l e  s t r u c t u r e  and i n d i v i d u a l  p a r t i c l e  
deformation are the  p r i n c i p a l  e lements  of c o n s o l i d a t i o n .  
Degradat ion of p a r t i c l e  aggrega tes  wi th  movement of  p a r t i c l e s  i n t o  
open spaces  c o n s t i t u t e s  t h e  major n o n - e l a s t i c  mechanism dur ing  
cake formation.  I n  e x p r e s s i o n  o p e r a t i o n s  involv ing  r e l a t i v e  high 
p r e s s u r e s ,  p a r t i c l e s  may deform or  be crushed.  P a r t i c l e  
deformation depends on t h e  n a t u r e  o f  s u r f a c e  stresses and t h e  
e l a s t i c  p r o p e r t i e s  of t h e  s o l i d .  Reasonably lthardll p a r t i c l e s  
under low stress probably undergo only minor shape change. 
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1043 

EMPIRICAL CONSTITUTIVE EQUATIONS 

The behavior  of a compress ib le ,  porous bed depends 
mathematical ly  on t h e  s o l u t i o n  of  t h r e e  sets of  coupled 
d i f f e r e n t i a l  equat ions .  These e q u a t i o n s ,  which appear  i n  
macroscopic form, have t h e i r  o r i g i n  i n  microscopic  phenomena 
i n v o l v i n g  l o c a l  c o n d i t i o n s .  I n  t h e  p r e s e n t  state of  t h e  a r t ,  a 
s u b s t a n t i a l  amount of  e m p i r i c a l  s i m p l i f i c a t i o n  e n t e r s  t h e  
t h e o r e t i c a l  formula t ions .  

The t h r e e  sets o f  e q u a t i o n s  cover  (1)  l i q u i d  phase,  ( 2 )  s o l i d  
phase,  and ( 3 )  f i n e  p a r t i c l e s  m i g r a t i n g  i n  t h e  l i q u i d .  These 
e q u a t i o n s  a r e :  

1 .  Darcian-type e q u a t i o n s  r e l a t i n g  t h e  v e l o c i t y  of  t h e  l i q u i d  

2. S t r e s s - s t r a i n  r e l a t i o n s  d e s c r i b i n g  t h e  c o l l a p s e  of  t h e  

3.  Equat ions governing t h e  t r a n s p o r t  and adhesion o f  m i g r a t i n g  

r e l a t i v e  t o  t h e  s o l i d s  t o  t h e  p r e s s u r e  g r a d i e n t .  

p a r t i c u l a t e  s t r u c t u r e  when s u b j e c t e d  t o  load .  

f i n e  p a r t i c l e s .  

I n  a d d i t i o n ,  t h e  equat ion  o f  c o n t i n u i t y  e n t e r s  i n  terms of  t h e  
f lowing l i q u i d ,  t h e  s o l i d s  forming t h e  p a r t i c u l a t e  s t r u c t u r e ,  and 
t h e  m i g r a t i n g  f i n e  p a r t i c l e s .  We s h a l l  n e g l e c t  t h e  m i g r a t i n g  f i n e  
p a r t i c l e s  and assume t h a t  members of  t h e  assemblage remain w i t h i n  
t h e  group a f t e r  d e p o s i t i o n .  

When incompress ib le  beds are involved ,  t h e  microscopic  
d i f f e r e n t i a l  e q u a t i o n s  l e a d  t o  Darcy’s e q u a t i o n  wi th  c o n s t a n t  
permeabi l i ty .  However, i n  compressible  beds,  t h e  stresses 
developed i n  t h e  s o l i d  mat r ix  l e a d  t o  deformation and compression. 
I n  t u r n ,  t h e  pores  undergo geometr ica l  m o d i f i c a t i o n s  a f f e c t i n g  t h e  
f low f i e l d s  and t h e  permeabi l i ty .  The deformation of t h e  p a r t i c l e  
s t r u c t u r e  c o n t a i n s  both i n e l a s t i c  and e las t ic  components, w i t h  t h e  
former predominating. 

Power f u n c t i o n s  r e p r e s e n t  t h e  c h i e f  form of  e m p i r i c a l  
e q u a t i o n s  used f o r  r e l a t i n g  t h e  p e r m e a b i l i t y  K ,  t h e  s p e c i f i c  f low 
r e s i s t a n c e  a, t h e  p o r o s i t y  E,  and t h e  s o l i d o s i t y  E~ ( E  + cS 1) 
as  f u n c t i o n s  of t h e  e f f e c t i v e  p r e s s u r e  ps.* One u s e f u l  se t  of 
e q u a t i o n s  c o n s i s t s  of  ( T i l l e r  and Leu, 1980) 

* D e f i n i t i o n  of K and a a r e  based on t i e  fo l lowing  forms of  t h e  
Darcy e q u a t i o n  

where w t h e  volume of d r y  s o l i d s / u n i t  area is  r e l a t e d  t o  x by 
dw = ESdx. T h i s  d e f i n i t i o n  of  a depends upon volume of  s o l i d s  
r a t h e r  than  t h e  u s u a l  form which employs mass/uni t  area. The 
a u t h o r s  c o n s i d e r  t h e  form based on volume t o  be more v a l u a b l e  
p r a c t i c a l l y  than  t h e  t r a d i t i o n a l  s p e c i f i c  flow r e s i s t a n c e .  
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1044 TILLER, YEH,  AND LEU 

where E~ = volume fraction of solids under a solid effective 
pressure ps. The term pa is an empirical parameter devoid of 
physical meaning. The quantities a and K are related by 

c ~ K E ~  = 1 ( 4 )  

It can be shown that 6 = n + B by combining Eqns. 2 and 3 in 
accord with Eqn. 4. 

The exponents 8 ,  n, and 6 are compressibility coefficients. 
A s  a crude rule, we generally assume n = 4p in the absence of 
experimental information. We use the following tentative limits 
and descriptive terms to categorize cakes: 

Cake Description Value of n, 6 

Incompressible 
Slightly compressible 
Moderately compressible 
Highly compressible 
Super compressible 

0 
0 -0.25 
0.25-0.6 
0.6 -1.0 
1.0 - 

When n is above approximately 0.6-0.7, the ranges over which the 
approximations in Eqns. 1-3 are valid decrease substantially. The 
compressibility parameters provide information about how fast E ~ ,  
a, and K change with pressure. The magnitude of the permeability 
is a measure of the difficulty of filtration. A rough classifica- 
tion follows: 

2 Description Value of K, m 

2.0 in pipe in laminar flow 

Very easy to separate, 1.0 Darcy 

Moderate 
Difficult, 1.0 milli-Darcy 
Very difficult, colloidal silica, attapulgite 

FRICTIONAL DRAG ON PARTICLES 

lo-;, 
Sand bed ;$;; 
Easy to separate ;;I;; 

:;I16 

As liquid flows through a compressible, filter cake, the 
friction drop leads to compression of the particle structure. The 
compression process results from nearly irreversible movement of 
particles into voids; and at high pressures, particle deformation 
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1045 

and breakage occur .  Any a t t e m p t  t o  l i n k  t h e  cake compression t o  
pseudo e las t ic  behavior  w i l l  y i e l d  only minimal r e s u l t s .  T r e a t i n g  
t h e  bed as a continuum i s  convenient  b u t  h i d e s  t h e  fundamental 
phenomena under ly ing  cake behavior .  S t r e s s  t ransmiss ion  from 
p a r t i c l e  t o  p a r t i c l e  or f l o c  t o  f l o c  i s  a poor ly  understood t h r e e -  
dimensional  problem even when macroscopica l ly  u n i d i r e c t i o n a l  flow 
i s  involved.  We p r e s e n t  a s i m p l i f i e d  a n a l y s i s  of  t h e  r e l a t i o n  o f  
drop i n  l i q u i d  p r e s s u r e  i n  r e l a t i o n  t o  t h e  rise i n  e f f e c t i v e  
p r e s s u r e .  

F i g u r e  4 d i s p l a y s  t h e  nomenclature and g e n e r a l  arrangement 
f o r  a compress ib le  f i l t e r  cake. (Flow o c c u r s  from r i g h t  t o  l e f t ) .  
The p o r o s i t y  i s  a t  i t s  maximum v a l u e  a t  t h e  cake s u r f a c e  and a t  
i ts  minimum a t  t h e  medium. I n d i v i d u a l  p a r t i c l e s  of  t h e  cake a r e  
assumed t o  be i n  p o i n t  c o n t a c t ;  and s u r f a c e  f o r c e s  r e s u l t i n g  from 
f r i c t i o n  create i n t e r n a l  stresses which are communicated t o  o t h e r  
p a r t i c l e s  s e q u e n t i a l l y  through t h e  network. We e n v i s i o n  a 
membrane which curves  around p a r t i c l e s  and lLes e n t i r e l y  i n  the  
f l u i d  Phase; and we assume t h a t  the  p a r t i c l e s  are small as 
compared t o  cake t h i c k n e s s .  The x component of a force a c t i n g  on 
t h e  membrane i s  t h e n  A ~ L .  

Each p a r t i c l e  i s  s u b j e c t  t o  f r i c t i o n a l  and form drag  which i n  
t u r n  g e n e r a t e  i n t e r n a l  f o r c e s  which are communicated from p a r t i c l e  
t o  p a r t i c l e  a t  p o i n t s  o f  c o n t a c t .  An i d e a l  p a r t i c u l a t e  model 
c o n s i s t s  of  p a r t i c l e s  which have p o i n t  as opposed t o  area c o n t a c t .  
Where area c o n t a c t  e x i s t s ,  t h e  e q u i v a l e n t  o f  tube walls p a s s  

f i l t e r  
medium medium 

Ix- 

E 

pL 

pS 

d x  Ic 
I - L  

~ 

-0 *. slurry 
E = E g  

P = p  L 
P, = 0 

F i g u r e  4 .  Schematic diagram of  a f i l t e r  cake.  
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1046 TILLER,  YEH, AND LEU 

th rough  t h e  po rous  bed as e x e m p l i f i e d  by porous m e t a l s  and ce ramic  
f i l t e r s .  I n  t h e  i d e a l  p a r t i c u l a t e  bed,  t h e  l i q u i d  p r e s s u r e  i s  
assumed t o  b e  e f f e c t i v e  o v e r  t h e  e n t i r e  s u r f a c e .  A s  the l i q u i d  
flows around a p a r t i c l e ,  t h e  normal  p r e s s u r e  and t a n g e n t i a l  d r a g  
components c a n  b e  i n t e g r a t e d  o v e r  t h e  e n t i r e  s u r f a c e .  

A f o r c e  b a l a n c e  o v e r  t h e  d i s t a n c e  L-x ( F i g s .  4 and 5 )  
assuming n e g l i g i b l e  i n e r t i a l  effects  can  be w r i t t e n  as 

ApL + FS = Ap ( 5 )  

where p is t h e  f i l t r a t i o n  p r e s s u r e .  

E q u a t i o n  5 rests on t h e  a s sumpt ion  that  there i s  a p o i n t  
c o n t a c t  among p a r t i c l e s  and t h a t  t h e  l i q u i d  p r e s s u r e  i n t e g r a t e d  
o v e r  a n  u n d u l a t i n g  unbroken s u r f a c e  y i e l d s  t h e  first term i n  Eqn. 
5. The term Fs r e p r e s e n t s  t h e  accumulated f r i c t i o n a l  d r a g  a r i s i n g  
from t h e  t o t a l  p a r t i c u l a t e  s u r f a c e .  It is  communicated from 
p a r t i c l e  t o  p a r t i c l e  at p o i n t s  of c o n t a c t .  A f i c t i t i o u s  p r e s s u r e  
( e f f e c t i v e  or  compress ive  d r a g  p r e s s u r e )  is  d e f i n e d  by ps = Fs/A. 
D i v i d i n g  Eqn. 5 by A y i e l d s  

The fo rma t  o f  Eqn. 6 i n d i c a t e s  t h a t  ps and p~ are f u n c t i o n s  o f  
b o t h  time and l o c a t i o n ,  b u t  t h a t  p i s  a f u n c t i o n  o f  time o n l y .  It 

FRICTIONAL 

ACCUMLATION OF FRICTION AND FORM DRAGS 

P,--ci 

F i g u r e  5. Stresses i n  a p a r t i c u l a t e  bed. 
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1047 

should be noted t h a t  t h e  area "Aft  i s  t h e  f u l l  c r o s s  s e c t i o n  area 
of  f i l t r a t i o n  wi thout  adjustment  f o r  the areas of c o n t a c t .  The 
symbol ftpsf* t h u s  does not  r e p r e s e n t  a s p e c i f i c  and real p r e s s u r e  
b u t  is  one (similar t o  " e f f e c t i v e  pressure"  i n  s o i l  mechanics) 
which p e r m i t s  mathematical s i m p l i f i c a t i o n s .  

F i n a l l y ,  t a k i n g  d i f f e r e n t i a l s  a t  c o n s t a n t  t ime,  we have 

dpS + dpL 0 ( 7 )  

T h i s  equat ion  a l lows  u s  t o  r e p l a c e  dpL I n  Darcy's e q u a t i o n s  by 
-dps. Inasmuch as t h e  volume f r a c t i o n  of  s o l i d s ,  p e r m e a b i l i t y ,  
and s p e c i f i c  f low r e s i s t a n c e  are f u n c t i o n s  o f  ps,  a change from p~ 
t o  ps is  d e s i r a b l e .  Unfor tuna te ly  i n  r a d i a l  flow as involved  i n  
c e n t r i f u g e s  and with cakes depos i ted  on t u b u l a r  s u r f a c e s ,  t h e  
f o r c e  ba lance  e q u a t i o n s  l e a d  t o  more complicated d i f f e r e n t i a l  
e q u a t i o n s  ( T i l l e r  and Yeh, 1985). 

V a r i a t i o n  o f  t h e  h y d r a u l i c  and s o l i d  o r  e f f e c t i v e  p r e s s u r e s  
i n  a t y p i c a l  f i l t e r  cake i s  i l l u s t r a t e d  i n  F ig .  6. A t  the  s u r f a c e  
of  t h e  cake ,  t h e  e f f e c t i v e  p r e s s u r e  i s  z e r o  as no drag  on t h e  
p a r t i c l e s  h a s  developed. Consequently, t h e  s u r f a c e  l a y e r  of t h e  
cake is  u n s t r e s s e d ,  and t h e  p o r o s i t y  has  i t s  maximum v a l u e  a t  t h a t  
p o i n t .  The p o r o s i t y  reaches  a minimum a t  t h e  medium where t h e  
e f f e c t i v e  p r e s s u r e  has  r i s e n  t o  i t s  maximum v a l u e  and e q u a l s  t h e  
p r e s s u r e  drop a c r o s s  t h e  cake. Whereas the p o r o s i t y  a t  t h e  cake 
s u r f a c e  t h e o r e t i c a l l y  remains t he  same r e g a r d l e s s  of  t h e  p r e s s u r e  
drop,  t h e  p o r o s i t y  a t  t h e  medium decreases  as t h e  p r e s s u r e  drop 
becomes l a r g e r .  

E 

P- PI 

P. 

( 

V compressive 

0 L 
X 

F i g u r e  6. V a r i a t i o n  of h y d r a u l i c  and s o l i d  o r  e f f e c t i v e  p r e s s u r e s  
i n  a compress ib le  f i l t e r  cake. 
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1048 TILLER, YEH, AND LEU 

FILTER CAKE BEHAVIOR 

It is well-known that the porosity of a cake is not uniform, 
being a maximum at the cake surface and a minimum at the medium 
which serves as a support for the cake. In Fig. 7, porosity is 
shown as a function of the fractional distance through a filter 
cake produced under constant applied pressure. The three curves 
illustrate (1 )  an incompressible solid (uniform spheres in their 
most open packing), (2 )  moderately compressible materials like 
talc and a clay used for ignition (spark) plugs, and ( 3 )  a highly 
compressible material. 

The solids forming the cake are compact and relatively dry at 
the medium, whereas the surface layer is in a wet and soupy 
condition. The porosity is at a minimum at the point of contact 
between the cake and medium, where x = 0, and at a maximum at the 
surface, x = L, where the liquid enters. The drag on each 
particle is communicated to the next particle; and consequently, 
the net solid compressive pressure increases as the medium is 
approached, resulting in decreasing porosity. The porosity for 
latex remains almost constant over 80% of the cake, and a 
resistant skin develops in the 20% of the cake closest to the 
medium. There would be little pressure drop over the portion of 

1 .o 

0.9 

0.8 
w 
> 
k 
v) 0.7 
0 
[r 
0 a 

0.6 

0.5 

0.4 
0 0.2 0.4 0.6 ,0.8 1.0 

X/L 

Figure 7. Porosity vs. fractional distance through cake. 
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1049 

t h e  cake wi th  h igh  p o r o s i t y .  Lack o f  f l u i d  drag  on t h e  p a r t i c l e s  
accounts  f o r  t h e  l a c k  of  c o n s o l i d a t i o n .  

The r e s i s t a n t  s k i n  is disadvantageous and i s  t h e  cause  of  
many problems i n  f i l t r a t i o n .  It  l e a d s  t o  adverse  effects on rate 
and average  p o r o s i t y  w i t h  i n c r e a s i n g  p r e s s u r e .  

I n  F ig .  8 ,  f r a c t i o n a l  p r e s s u r e  drop through cakes o f  vary ing  
c o m p r e s s i b i l i t y  is p l o t t e d  as a f u n c t i o n  of  f r a c t i o n a l  d i s t a n c e .  
Incompress ib le  materials are r e p r e s e n t e d  by t h e  4 5 O  l i n e .  As t h e  
cake becomes more compressible ,  t h e  r e l a t i o n  between p r e s s u r e  and 
d i s t a n c e  develops i n c r e a s i n g  curva ture .  For h i g h l y  compressible  
beds,  t h e r e  is  l i t t l e  p r e s s u r e  drop over  t h e  first p o r t i o n  of  t h e  
cake. Most of t h e  drop is concent ra ted  over  t h e  r e s i s t a n t  s k i n  
c l o s e  t o  the medium. The r e l a t i o n s h i p  between p r e s s u r e  drop and 
p o r o s i t y  change can be  seen  by comparing t h e  r e g i o n  i n  Fig.  7 
where the p o r o s i t y  remains c o n s t a n t  wi th  t h e  corresponding r e g i o n  
o f  Fig.  8 where the  p r e s s u r e  remains f l a t .  Highly compressible  
cakes g e n e r a l l y  have high p e r m e a b i l i t i e s  a t  low p r e s s u r e .  
However, t h e i r  s e n s i t i v e  s t r u c t u r e s  compares r a p i d l y  and produce 
t h e  behavior  i l l u s t r a t e d  i n  F igs .  7 and 8. 

I n  F ig .  9 ,  t h e  flow r a t e h n i t  area i s  shown as a f u n c t i o n  of  
t h e  p r e s s u r e  drop a c r o s s  t h e  cake. The rate depends on t h e  

1 .o 

0.8 

0.6 

0.4  fl i0 1;; 0.: 0.1 0.0 
. 0 2 5  0.0 

E l 3  E l 4  E l 5  E l 6  
0.2 

to .99 . 7 5  .5 .35 

p a =  5 0 0  Nlm2, Ape = 3 E 5  N / m 2  
n 
-0 0.2 0.4 0.6 0.8 1.0 

FRACTIONAL DISTANCE, x / L  

F i g u r e  8. P r e s s u r e  d i s t r i b u t i o n  i n  f i l t e r  cakes.  
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4 
w 
a 
K 
W c 
4. 
K 

3 
0 
A 
L 

INCOMPRES SlBLE 

/ q a  Apc’L 
NOR M A L  LY 
COMPRESSIBLE 

COMPRESSIBLE 

PRESSURE DROP, bp, 

F i g u r e  9. Flow r a t e / a r e a  vs .  p r e s s u r e  drop a c r o s s  t h e  cake.  

c o m p r e s s i b i l i t y  c o e f f i c e n t  6 o r  n + f3 which relate the average 
s p e c i f i c  r e s i s t a n c e  Ctav and average  volume f r a c t i o n  of  s o l i d s  E s a V  
t o  t h e  p r e s s u r e  drop Ape a c r o s s  t h e  cake. For  an incompress ib le  
material such as c o a r s e  sand,  n and f? are both z e r o ,  and t h e  rate 
is  d i r e c t l y  p r o p o r t i o n a l  t o  the  p r e s s u r e  drop and i n v e r s e l y  
p r o p o r t i o n a l  t o  t he  cake th ickness .  

Substances normally encountered i n  f i l t r a t i o n  p r a c t i c e  
i n v o l v e  v a l u e s  of  6 ranging  from 0.2 f o r  f i l t e r  a i d  t o  0.6 f o r  
c l a y s .  The flow rate of  such materials i n c r e a s e s  w i t h  less  than  
t h e  f i r s t  power of Ap as i l l u s t r a t e d .  A s  6 approaches u n i t y  and 
1-6 t e n d s  t o  z e r o ,  h e  f low rate  reaches  a p o i n t  where i t  is 
e : i sen t ia l ly  independent  of t h e  p r e s s u r e  drop a c r o s s  t h e  cake. As 
a p r a c t i c a l  matter, t h e  flow rate  for t h e  h i g h l y  compressible  
material shown i n  Fig.  9 would probably drop as p r e s s u r e  drop 
aoross t h e  cake i n c r e a s e s .  High p r e s s u r e  would f o r c e  t h e  cake 
i n t o  t h e  i n t e r s t i c e s  of  t h e  medium thereby  i n c r e a s i n g  t h e  o v e r a l l  
r e s i s t a n c e  more r a p i d l y  than  the p r e s s u r e  and r e s u l t i n g  i n  
decreased flow rate. 

Compress ib i l i ty ,  high r e s i s t a n c e  o f  small p a r t i c l e s ,  and 
bl- inding due t o  m i g r a t i o n  and d e p o s i t i o n  of  c o l l o i d s  i n  both  cake 
and medium r e p r e s e n t  t h e  major o b s t a c l e s  t o  p a r t i c u l a t e  
s e p a r a t i o n .  We g e n e r a l l y  c o n s i d e r  f i v e  microns t o  be  the s ize  a t  
which d i s p e r s e d  p a r t i c l e s  begin  t o  cause  s e r i o u s  ra te  problems. 
P a r t i c l e s  with c h a r a c t e r i s t i c  l e n g t h s  i n  t h e  one micron range are 
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1051 

so  d i f f i c u l t  to  f i l t e r  o r  c e n t r i f u g e  t h a t  i t  is  necessary  t o  
c o n s i d e r  other methods such as e l e c t r o p h o r e s i s .  

Inasmuch as i n c r e a s i n g  p r e s s u r e  is  not  e f f e c t i v e  i n  
i n c r e a s i n g  rates wi th  many materials such as slimes, o t h e r  means 
must be sought  f o r  augmenting t h e  rates. Among p o s s i b l e  methods 
are: 

1.  Improve p r e t r e a t m e n t  methods 
2.  Grow l a r g e r  c r y s t a l s  
3 .  Add f i l t e r  a i d s  
4. Decrease cake t h i c k n e s s  by a g i t a t i o n  or  cross-f low 
5. Adjust  time of  f i l t r a t i o n  i n  ba tch  c y c l e s  t o  maximize 

average rate. 

The e f f e c t  of pump p r e s s u r e  on t h e  f i n a l  l i q u i d  c o n t e n t  is  
s i g n i f i c a n t  i n  des ign  and o p e r a t i o n  of  f i l ters.  I n  Fig.  10, t h e  
average p o r o s i t y  i s  p l o t t e d  as a f u n c t i o n  of  t h e  p r e s s u r e  drop 
a c r o s s  t h e  cake. It  i s  apparent  t h a t  t he  a p p l i e d  p r e s s u r e  has  
l i t t l e  e f f e c t  on the  average p o r o s i t y  of  the h i g h l y  compress ib le  
l a t e x  once a p r e s s u r e  e q u a l  t o  about  10 p s i  (70 kPa) has been 
reached. The curves  i n  Fig.  10 are d e c e p t i v e  i n  t h a t  v i s u a l l y  
t h e r e  appears  t o  be l i t t l e  d i f f e r e n c e  among them. A b e t t e r  
q u a n t i t a t i v e  view can be obta ined  by p l o t t i n g  t h e  void r a t i o  

10 

W u 

W > 
U 

0 6  

0 5  
0 20 4 0  60 8 0  100 

AP,, PSI 
Figure 10. Average p o r o s i t y  

vs. p r e s s m e  drop. 
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1052 TILLER, YEH, AND LEU 

i n s t e a d  of p o r o s i t y  or  volume f r a c t i o n  of  s o l i d s .  The void r a t i o  
is  def ined  as t h e  volume of l i q u i d  p e r  u n i t  volume of  s o l i d s .  
S i n c e  t h e  s o l i d  volume remains c o n s t a n t  dur ing  SLS, changes i n  t h e  
void  r a t i o  provide  a measure of t h e  l i q u i d  removed p e r  u n i t  of  
s o l i d .  The d a t a  from Fig .  10 have been r e p l o t t e d  as void  r a t io  
vs .  p r e s s u r e  drop a c r o s s  t h e  cake i n  Fig.  11. The much larger 
amount of l i q u i d  removed from t h e  cakes  wi th  h igh  i n i t i a l  p o r o s i t y  
i n  comparison wi th  t h e  i n i t i a l l y  more compact cakes  i s  apparent .  

A s u b s t a n t i a l  d i f f e r e n c e  e x i s t s  between t h e  t a lc  and 
f l o c c u l a t e d  p o l y s t y r e n e  latex which both s t a r t  with h igh  i n i t i a l  
p o r o s i t i e s .  Under p r e s s u r e  f i l t r a t i o n ,  t h e  latex ceases t o  
d e l i q u o r  a t  a r e l a t i v e  low p r e s s u r e  whereas t h e  talc improves as 
the pump p r e s s u r e  c o n t i n u e s  t o  i n c r e a s e .  The l a t e x  r e q u i r e s  some 
type  of  mechanical e x p r e s s i o n  such as a p r e s s  b e l t  o r  a p r e s s u r e  
a c t u a t e d  membrane a c t i n g  l i k e  a p i s t o n  a t  t h e  end o f  a f i l t e r  
c y c l e .  The talc would d e l i q u o r  reasonably  w i t h  i n c r e a s i n g  pump 
p r e s s u r e .  

F igure  12 p r e s e n t s  t h e  d a t a  of  F igs .  10 and 11 r e p l o t t e d  as 
t h e  f r a c t i o n  of  l i q u i d  removed as a f u n c t i o n  o f  p r e s s u r e  drop 
a c r o s s  the cake. On t h e  b a s i s  of t h e  materials shown i n  F ig .  12 ,  
i t  would appear  t h a t  i n c r e a s e  i n  pump p r e s s u r e  h a s  a r a p i d l y  
decreas ing  e f f e c t i v e n e s s  i n  l i q u i d  removal once i t  s u r p a s s e s  two 
atmospheres. 

HYDRAULIC DELIQUORING 

Inasmuch as i n c r e a s i n g  f i l t r a t i o n  p r e s s u r e  r a p i d l y  loses its 
e f f e c t i v e n e s s  f o r  d e l i q u o r i n g  of f i l t e r  cakes ,  o t h e r  means must be 
sought  f o r  reducing  l i q u i d  c o n t e n t .  The s k i n ,  which is h i g h l y  
disadvantageous i n  d i r e c t  f i l t r a t i o n ,  can be used f o r  d e l i q u o r i n g  
purposes  dur ing  washing i n  a plate-and-frame f i l t e r  p r e s s .  T i l l e r  
and Horng ( 1983) demonstrated t h e o r e t i c a l l y  and exper imenta l ly  
tha t  i n  washing w i t h  r e v e r s e  f low through cakes  t h e  r e s i s t a n c e  
s k i n  acts  as a p i s t o n  t o  compress t h e  cake. 

The r e v e r s e  flow p r o c e s s  i s  i l l u s t r a t e d  i n  Fig.  13 where 
c a l c u l a t e d  v a l u e s  f o r  t h r e e  d i f f e r e n t  degrees  o f  c o m p r e s s i b i l i t y  
are i l l u s t r a t e d .  C a l c u l a t i o n s  were based on t h e  dimensionless  
p r e s s u r e  ps/pa which appears  i n  Eqns. 1-3. Values a t t a c h e d  t o  the 
v a r i o u s  curves  r e p r e s e n t  t h e  p r e s s u r e  drop a c r o s s  t h e  cake i n  t h e  
washing mode Apc/pa. The v a l u e  of  Apc/pa = 50 cor responds  t o  t h e  
p r e s s u r e  d u r i n g  f i l t r a t i o n .  The c u r v e s  marked 5 and 100 r e p r e s e n t  
p r e s s u r e s  dur ing  r e v e r s e  washing which are r e s p e c t i v e l y  one-tenth 
and twice the  f i l t r a t i o n  pressure .  The s k i n  moves under a c t i o n  of 
t h e  pump as shown i n  Fig.  13. The h i g h l y  compress ib le  material 
undergoes a large movement of t h e  s u r f a c e  with s u b s t a n t i a l  
de l iquor ing .  If a backwash p r e s s u r e  of  50 is  employed, t h e  cake 
s u r f a c e  moves from A t o  B. Thus, t h e  cake t h i c k n e s s  is  reduced 
about  50%. Liquid  f i l ls  t h a t  p o r t i o n  of  t h e  frame between A and B 
and must be dra ined  f o r  t h e  p r o c e s s  t o  be s u c c e s s f u l .  
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1053 

F igure  12. 

0 
a t 

I I I I 

0 20 40 60 80 100 
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Figure 1 1 .  Void r a t i o  vs .  pressure 
drop across the cake. 
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Frac t ion  of l i q u i d  removed as a func t ion  
p res su re  drop across the  cake. 
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1054 T I L L E R ,  YEH, AND LEU 

REVERSE FLOW DURING WASH - 
FLOW DURING FILTRATION 

-1- 
1.0 . . . 1 

€ A T  THE END OF FILTRATION I 

0.4 
0.6 

0.5 

0.4 
-1.0 -0.5 0 0.5 1 .o 
x / L ,  FRACTIONAL DISTANCE THROUGH CAKE 

F i g u r e  13. P o r o s i t y  v s .  f r a c -  
t i o n a l  d i s t a n c s  
th rough  cake  i n  
r e v e r s e  d e l i q u o r i n g  
i n  a plate-and-frame 
f i l t e r  p r e s s .  

The r e v e r s e  f l o w  o p e r a t i o n  is m i l d l y  s u c c e s s f u l  f o r  t h e  
modera t e ly  and s l i g h t l y  compress ib l e  cakes .  Its v a l u e  l i e s  i n  t h e  
fact t h a t  i t  o f f e r s  great promise f o r  t h o s e  v e r y  compress ib l e  
materials which respond poor ly  t o  normal p r a c t i c e .  

I n  F ig .  14,  expe r imen ta l  and t h e o r e t i c a l  v a l u e s  f o r  
d e l i q u o r i n g  w i t h  r e v e r s e  f low are demonstrated.  I n  expe r imen t s ,  
two s e p a r a t e  cakes were formed under  vacuum. One was t h e n  p l aced  
on t o p  o f  t h e  o t h e r  t o  s i m u l a t e  cake f o r m a t i o n  i n  a plate-and-  
frame p r e s s .  L i q u i d  when t h e n  drawn through t h e  two cakes  i n  a 
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n c  
I I I 1 -  1 -.- 

THICKNESS ATTAPULGIT 

o .+ 22.9 rnm - CALCULATED 

0 20 40 60 80 100 

P2 (k Pa 1 

Figure 14. Fraction of liquid 
removed vs .  deli- 
quoring pressure 
in reverse deliquor- 
ing (Experimental 
results). 

series in a manner analogous to washing in a plate-and-frame 
press. The relative amount of liquid removed for the highly 
compressible colloidal silica and the attapulgite was quite 
impressive. 

HEXHANICAL EXPRESSION 

The use of membranes to compress cakes has become popular in 
recent years. In general, as pressure is built up, the ultimate 
porosity that can be reached is decreased. However, decreased 
porosity means increased resistance to flow, and the rate of 
expression of liquid is adversely affected by decreased 
permeability. Cakes in mechanical expression operations act very 
much like filter cakes. 

In the theory of flow through compressible cakes, Tiller and 
Green (1973) demonstrated that the flow rate of a highly 
compressible material reached a constant value when the pressure 
drop exceeded some relatively low value. At that point, 
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1056 TILLER, YEH, AND LEU 

r e s i s t a n c e  t o  f low i n c r e a s e s  i n  d i r e c t  p r o p o r t i o n  t o  t h e  p r e s s u r e  
drop. The average  p o r o s i t y  a l s o  reaches  an e s s e n t i a l l y  c o n s t a n t  
v a l u e  a t  t h e  same p o i n t .  For t h e  l a t e x  i n  F igs .  10-12, t h e  ra te  
would be expected t o  remain c o n s t a n t  a t  about  1 atm where t h e  
removal of l i q u i d  from t h e  cake ceases. 

The same phenomenon occurs  i n  mechanical express ion .  For  
h i g h l y  compressible  a t t a p u l g i t e  , the average  p o r o s i t y  (&a") V s .  
time curves  as shown i n  F ig .  15 were e s s e n t i a l l y  i d e n t i c a l  f o r  
p r e s s u r e s  ranging  from 1.7-24.7 MPa dur ing  t h e  f i r s t  1 hour o f  
express ion .  After t h a t  per iod  of  time, t h e  p o r o s i t i e s  decreased  
f u r t h e r  t o  their l i m i t i n g  v a l u e s  f o r  t h e  h igher  p r e s s u r e s .  F i g u r e  
16 shows a p l o t  o f  t h e  average void r a t i o ,  eav, vs .  t / p 3 5  wi th  an 
express ion  p r e s s u r e  of 10.4 MPa. There i s  an si n i f i c a n t  drop o f  
eav a t  t h e  beginning per iod.  After about  12 4.5 seconds,  t h e  
average void  ra t io  r e a c h e s  i ts  u l t i m a t e  va lue .  The u n i f i e d  curve  
i n  F ig .  16 i n d i c a t e s  t h a t  t h e  express ion  time is p r o p o r t i o n a l  t o  
t h e  square  of  t h e  amount of  s o l i d s  a t  c o n s t a n t  p r e s s u r e  
express ion .  

1 .o 

0.9 

> 
-$ 0.8 

> 
I- 

0 
(r 

0.7 

0.6 
2 

g 0.5 

w 
Q 

U 
a 

a 

0 . 4  

1 1 I I I I I I 

ATTAPULGITE MECHANICAL LOAD (MPa 
:ILTRATION 

EXPERIMENTAL DATA D 10.4 
POINTS LOCATING ON E 17.6 
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F i g u r e  15. Average p o r o s i t y  vs .  time i n  e x p r e s s i o n .  
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4O4 Q , @A 

+= 0 . 9 3 6  

wc (m3/m2) 
o 1 2 . 1 4 ~ 1 0 - ~  
A 9 . 7 1 ~ 1 0 - ~  
A 7 . 2 9 ~ 1 0 - ~  

4 . 8 6 ~ 1 0 - ~  
2 . 4 3 ~ . 1 0 - ~  

0- O A  A D A 0  
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t /P :wg,  s e c .  m4/kg2 

2 2  F i g u r e  16. Average void  r a t io  vs. t/Pswc i n  e x p r e s s i o n .  

T H I C K E N I N G  AND SEDIMENTATION 

Classical des ign  procedures  f o r  s i z i n g  g r a v i t y  t h i c k e n e r s  
have been based on work by Coe and Clevenger ( 19161, Kynch ( 19521, 
and Talmadge and F i t c h  (1955). A l l  of  t h o s e  methods depend upon 
f l u x  theory  which states t h a t  the  ra te  of  sed imenta t ion  depends 
uniquely  on t h e  c o n c e n t r a t i o n  of  s o l i d s .  Such an assumption works 
reasonably  well u n t i l  p a r t i c u l a t e s  e n t e r  i n t o  c o n t a c t  and form a 
sediment .  A number of  d i s s e r t a t i o n s  have been devoted t o  f l u x  
theory  ( J a v a h e r i ,  1971; Tracy,  1973; Blair, 1976). I n  t h e s e  
i n v e s t i g a t i o n s ,  t h e  t h e o r e t i c a l  framework sugges ted  by Coe and 
Clevenger (1916) and Kynch (1952) h a s  veen v e r i f i e d  exper imenta l ly  
as l o n g  as p a r t i c l e s  were i n  a free-fall regime and a s t r u c t u r e d  
sediment had not  formed. Changes necessary  t o  t h e  o r i g i n a l  theory  
have been d iscussed  by T i l l e r  (1981) ,  F i t c h  (19831, and Chen 
(1984). 

I n  a commercial o p e r a t i o n ,  sediment of  roughly a meter i n  
depth i s  formed on t h e  bottom of  t h e  t h i c k e n e r .  A t  t h a t  p o i n t ,  
Darcy 's  law a p p l i e s  and t h e  s o l i d s  f l u x  i s  no l o n g e r  a unique 
f u n c t i o n  of t h e  s o l i d  c o n c e n t r a t i o n .  I n  t h e  compression zone, t h e  
s o l i d s  f l u x  expressed  as volume o f  s o l i d  p e r  u n i t  area p e r  u n i t  
time is a c o n s t a n t  and independent  of depth  f o r  s t e a d y - s t a t e  flow. 
Inasmuch as t h e r e  can be no accumulat ion of s o l i d s  o r  changes i n  
c o n c e n t r a t i o n  wi th  time, t h e  f l u x  of s o l i d s  a t  each h e i g h t  x above 
the t h i c k e n e r  bottom i s  t h e  same. However, t he  c o n c e n t r a t i o n  
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LO58 TILLER, YEH, AND LEU 

changes with depth  and is a f u n c t i o n  of underflow ra te  and 
c o m p r e s s i b i l i t y  parameters .  

The basic boundary parameters  involved i n  g r a v i t y  
sed imenta t ion  are underflow c o n c e n t r a t i o n  E~~~ s o l i d s  f l u x  i n  t h e  
underflow q s l  and t h e  h e i g h t  L of t h e  compression zone. Other 
h p o r t a n t  q u a n i t i t i e s  are permeabi l i ty  K ,  l o c a l  volume f r a c t i o n  of  
s o l i d  E ~ ,  which i s  a f u n c t i o n  of  x, v i s c o s i t y  p, l i q u i d  and s o l i d  
d e n s i t i e s ,  P and P,, and g r a v i t y ,  g. F lux  theory  omits most of  
t h e s e  parameters  and depends upon t h e  s o l u t i o n  of a f i r s t - o r d e r  
p a r t i a l  d i f f e r e n t i a l  equat ion  der ived  from t h e  law of  c o n t i n u i t y  
( c o n s e r v a t i o n  of mass). S t e a d y - s t a t e  t h i c k e n e r  theory  depends 
upon t h e  i n t e g r a t i o n  o f  t h e  Darcy equat ion  (Chandler ,  1975; Kos, 
1977; Dixon, 1980; Knoer, 1983; Chen, 1984). Although f l u x  theory  
c o n t i n u e s  t o  s e r v e  a u s e f u l  purpose,  i t  can never  provide  a l l  of 
t h e  d e s i r e d  informat ion  f o r  t h i c k e n e r s  o p e r a t i n g  with sediments  
under compression. 

CONTINUOUS THICKENER THEORY 

The Darcy equat ion  as normally employed f o r  flow through 
incompress ib le  beds must be  modif ied f o r  use  i n  t h i c k e n e r s  
( S h i r a t o  e t  al. ,  1970). The classical Daroy equat ion  t a k e s  t h e  
form 

where q i s  t h e  s u p e r f i c i a l  v e l o c i t y  and u = q/E i s  t h e  average 
pore  v e l o c i t y  of  t h e  l i q u i d .  The l i q u i d  v e l o c i t y  must be r e p l a c e d  
by a v e l o c i t y  of t h e  l i q u i d  r e l a t i v e  t o  t h e  moving s o l i d s .  I f  t h e  
s o l i d s  are cons idered  t o  f i l l  t h e  a n t i p o r e s ,  t h e n  t h e  average  
s o l i d  v e l o c i t y  i n  t h e  a n t i p o r e s  is r e l a t e d  t o  t h e  s u p e r f i c i a l  
v e l o c i t y  of  s o l i d s  by 

Eqn. 8 is then  r e w r i t t e n  i n  Darcy-Shirato form as 

E q 9 s  
( E  - - -  dpL - IJ € (u-us) = 

S 
dx (10) 

where (u-us) r e p r e s e n t s  t h e  r e l a t i v e  v e l o c i t y .  Taking x as t h e  
d i s t a n c e  from t h e  bottom of t h e  t h i c k e n e r  upward t o  an a r b i t r a r y  
p o l n t  i n  t h e  sediment ,  i n c l u d i n g  g r a v i t y ,  and c o n s i d e r i n g  t h e  
downward v e l o c i t i e s  of  l i q u i d  and s o l i d  t o  be p o s i t i v e  l e a d s  t o  
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1059 

The sedimenta t ion  v e l o c i t y  of  t h e  s o l i d s  is  g r e a t e r  than  t h e  
downward v e l o c i t y  of  t h e  l i q u i d .  A f o r c e  ba lance  similar t o  the 
one used i n  o b t a i n i n g  Eqn. 7 i s  w r i t t e n  over  a d i f f e r e n t i a l  
sediment  t h i c k n e s s .  I n c l u s i o n  of  the  weight of  t h e  l i q u i d  and 
s o l i d  l e a d s  t o  

Combining Eqns. 11 and 12 produces 

As t h e  t h i c k e n e r  o p e r a t e s  under s t e a d y  state c o n d i t i o n s ,  t h e  
s u p e r f i c i a l  f low rates qs and q are c o n s t a n t  throughout  t h e  
sediment .  We now i n t r o d u c e  a number of h i g h l y  s i m p l i f i e d  
assumptions.  The bottom of t h e  t h i c k e n e r  i s  assumed t o  be f l a t ,  
i.e., wi thout  a s l o p e .  The r a k e  i s  assumed t o  be i n f i n i t e l y  t h i n  
and t o  be r e v o l v i n g  a t  a n  i n f i n i t e  a n g u l a r  speed.  The s o l i d  and 
l i q u i d  are removed i n s t a n t a n e o u s l y  as they reach  t h e  bottom, and 
t h e  underflow c o n c e n t r a t i o n  of s o l i d s  is  assumed t o  e q u a l  t h e  
c o n c e n t r a t i o n  on t h e  bottom o f  t h e  t h i c k e n e r  (Dixon, 1980, 1981). 
These assumptions are e s s e n t i a l l y  e q u i v a l e n t  t o  t h o s e  employed i n  
Coe and Clevenger f l u x  theory .  A material ba lance  f o r  t he  
underf low c o n c e n t r a t i o n  y i e l d s  

qS - -  
€ S U  - qs + q (14)  

Solv ing  f o r  q i n  Eqn. 14 and s u b s t i t u t i n g  t h e  r e s u l t  i n  Eqn. 13 
g i v e s  

A simple i n t e g r a t i o n  of  t h i s  equat ion  y i e l d s  a r e l a t i o n s h i p  f o r  a 
f la t -bot tomed i d e a l  t h i c k e n e r  as fo l lows  

The a c t u a l  i n t e g r a t i o n  r e q u i r e s  d e f i n i t i o n  of  c o n d i t i o n s  a t  t h e  
top  and bottom o f  t h e  sediment. I n t e g r a t i o n  of Eqn. 16 l e a d s  t o  
t h e  curves  o f  F ig .  17 where t h e  h e i g h t  of sediment  L r e q u i r e d  t o  
produce a f i x e d  underf low c o n c e n t r a t i o n  cSU i s  p l o t t e d  a g a i n s t  
underflow rate qs. If cSU is f i x e d ,  then psu as t h e  upper limit 
of  i n t e g r a t i o n  i n  Eqn. 16 i s  f i x e d .  Numerical i n t e g r a t i o n  y i e l d s  
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Fj .gure 17. 

0.5 

0.317 0 . 5 0 2 7  ', -1 

-t-c-e-t----t--i FT+ORY T O N . D A Y , ~ ~ ~  6oo 4oo EOO 103 

Sediment h e i g h t  vs .  p,, and qs i n  
t h i c k e n e r .  

a cont inuous  

t h e  curves  shown i n  Fig.  17. The s o l i d  flow ra te  i s  g iven  i n  
b a s i c  u n i t s  of  m3/m2.s and t h e  p r a c t i c a l  u n i t s  of  s q . f t . / ( t o n  of  
s o l i d s / d a y ) .  

Each curve  i s  c h a r a c t e r i z e d  by two asymptotes .  The h o r i -  
z o n t a l  asymptote corresponds t o  low product ion  rates and long  
d e t e n t i o n  time. The Darcy f o r c e  is n e g l i g i b l e ,  and t h e  p o r o s i t y  
a t  each l e v e l  could be c a l c u l a t e d  by n e g l e c t i n g  t h e  d r a g  term i n  
Eqn. I .  

C l e a r l y ,  t h e  v a l u e  of  t h e  thickened underflow is  s o l e l y  a 
f u n c t i o n  of  t h e  sediment  h e i g h t .  A s  an approximation f o r  t h e  
subs tance  shown i n  F ig .  17, t h e  underflow c o n c e n t r a t i o n  is  
independent  of  t h e  underflow as long  as t h a t  f l u x  i s  about  one- 
t h i r d  of  i ts  maximum value .  

The second v e r t i c a l  asymptote occurs  a t  t h e  p o i n t  of 
f l u i d i z a t i o n  where a n  i n f i n i t e  depth  of  sediment is r e q u i r e d  t o  
main ta in  t h e  d e s i r e d  underflow c o n c e n t r a t i o n .  A t  t h i s  p o i n t ,  t h e  
Darcy f o r c e s  j u s t  ba lance  t h e  buoyed weight  of  t h e  s o l i d s  which 
surge  i n t o  the overf low from t h e  t h i c k e n e r .  The r a p i d  raise of 
t h e  sediment l e v e l  c l o s e  t o  f l u i d i z a t i o n  i n d i c a t e s  t h a t  t h e  
product ion  rate o f  underflow must be k e p t  a t  some reasonable  v a l u e  
below i t s  maximum f o r  safe o p e r a t i o n .  
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COMPRESSIBILITY OF PARTICULATE STRUCTURES 1061 

A s  t h e  underflow c o n c e n t r a t i o n  is i n c r e a s e d ]  t h e  h e i g h t  of 
sediment r e q u i r e d  t o  main ta in  a g iven  underflow rate  i n c r e a s e s ,  
and t h e  sediment f l u i d i z a t i o n  v e l o c i t y  decreases .  

Although t h e  c a l c u l a t i o n s  have been made f o r  an i d e a l i z e d  
case w i t h  a f la t -bot tomed t h i c k e n e r  and i n f i n i t e l y  t h i n  r a k e s  
r o t a t i n g  a t  i n f i n i t e  v e l o c i t y ,  t h e  b a s i c  t r e n d s  are similar t o  
t h o s e  experienced i n  real u n i t s .  From an exper imenta l  v iewpoin t ]  
much u s e f u l  in format ion  could  be obta ined  from a knowledge s o l e l y  
of t h e  two asymptotes .  I n  t h e s e  c a l c u l a t i o n s ,  i t  is  assumed t h a t  
t h e  f l u x  demanded by t h e  Talmadge-Fitch (1955) method is 
s u f f i c i e n t  t o  meet t h e  v a l u e s  used f o r  c o n s t r u c t i n g  F ig .  17. 

Knoer (1983) developed an exper imenta l  technique f o r  
de te rmining  t h e  two asymptotes  of Fig. 17 us ing  an upflow 
technique  through a sedimenting bed. Chen (1984) cont inued  t h e  
work of Knoer and is p r e s e n t l y  making a comprehensive a n a l y s i s  o f  
t h e  t h i c k e n i n g  equat ions .  

ACKNOWLEDGEMENT 

The a u t h o r s  wish t o  thank t h e  O f f i c e  of  Basic Energy Sc iences  
o f  t h e  Department o f  Energy f o r  Grant  DX-AS05-81ER-10946 which has  
enabled them t o  c a r r y  on fundamental r e s e a r c h  i n  t h e  theory  of  
s o l i d - l i q u i d  s e p a r a t i o n .  

NOMENCLATURE 

A 
eav 

K 
“ 0  
L 
n 
P 
APC 
Pa 
PL 
PS 
psu 
q 
q s  
t 
U 

U S  
X 

c r o s s - s e c t i o n a l  a r e a ,  m2 
average  void r a t i o  (-) 
accumulat ive drag  on p a r t i c l e s ,  N 
a c c e l e r a t i o n  of  g r a v i t y  , m/s2 
Darcy p e r m e a b i l i t y ,  m2 
Darcy p e r m e a b i l i t y  of  u n s t r e s s e d  cake,  m2 
cake t h i c k n e s s ,  m 
c o m p r e s s i b i l i t y  c o e f f i c i e n t ]  Eqn. ( 2 ) ,  (-1 
a p p l i e d  p r e s s u r e ,  N/m2 
p r e s s u r e  drop a c r o s s  cake,  N/m2 
e m p i r i c a l  parameter  , N / m 2  
h y d r a u l i c  p r e s s u r e ,  N/m2 
accumulat ive drag  p r e s s u r e  on s o l i d s  , p - p ~  
v a l u e  of ps a t  bottom of t h i c k e n e r ]  N/m2 
s u p e r f i c i a l  l i q u i d  f low rate,  m3/(m2.,) 
s u p e r f i c i a l  s o l i d  f low rate  , m 3 / ( n 1 ~ . ~ )  
time, s 
average v e l o c i t y  of l i q u i d  i n  p o r e s ,  m / s  
average v e l o c i t y  of  s o l i d s  i n  a n t i p o r e s ,  m/s 
d i s t a n c e  from medium or bottom of  t h i c k e n e r ,  rn 

N/m2 
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Greek Symbols 

a 
"av 
a0 
B 
6 

€av 
ES 
€sav 
€so 
E S U  

iJ- 
P 
PS 

WC 

E 

w 

local s p e c i f i c  f low resistance, m-2 
average  s p e c i f i c  f low r e s i s t a n c e  , m-2 
v a l u e  of rx i n  u n s t r e s s e d  cake ,  m-2 
c o m p r e s s i b i l i t y  c o e f f i c i e n t  , Eqn. ( 1  , (-1 
c o m p r e s s i b i l i t y  c o e f f i c i e n t ,  Eqn. ( 3 ) ,  ( - )  
p o r o s i t y ,  ( - )  
average  p o r o s i t y ,  (-1 
volume f r a c t i o n  of s o l i d s  ( s o l i d o s i t y )  , (-1 
average  volume f r a c t i o n  of s o l i d s ,  ( - )  
u n s t r e s s e d  v a l u e  of  c S ,  ( - )  
volume f r a c t i o n  of s o l i d s  i n  t h e  underflow of a 
cont inuous  t h i c k e n e r  , (-) 
v i s c o s i t y ,  Pa.s 
d e n s i t y  of  l i q u i d ,  kg/m3 
t r u e  s o l i d  d e n s i t y  , kg/m3 
volume o f  d r y  s o l i d s / u n i t  area, m 3 / m 2  
t o t a l  volume of  dry  s o l i d s / u n i t  area i n  t h e  cake,  
m3/m2 
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